Introduction
Let G be a simple connected graph with vertex set V (G) and edge set E(G). As usual, we use n to denote the order of a graph G, namely, the number of vertices in V (G). For a graph G, we let d G (v) be the degree of a vertex v in G.
Suppose that G is a graph without isolated vertices. Then the inverse degree of G is defined as
where d G (v) is the degree of vertex v in G.
The inverse degree (also known as the sum of reciprocals of degrees) first attracted attention through numerous conjectures generated by the computer programme Graffiti [9] . Since then its relationship with other graph invariants, such as diameter, edge-connectivity, matching number, Wiener index has been studied by several authors (see, for example [2, 6, 7, 8, 12, 14] ).
In this paper, we present some upper bounds for the inverse degree of some product graphs, including join, Cartesian product, strong product, rooted product, and Mycielski graph.
Other notation and terminology not defined here will conform to those in [1] .
The inverse degree of graph operations
In this section, we present some upper bounds for the inverse degree of graphs under graph operations, including join, Cartesian product, strong product, rooted product, Mycielski graph. We first give an elementary lemma which will be used in our following proof.
Lemma 2.1. Let a and b be real numbers. Then
with equality if and only if a = b.
In the following discussion, we will always assume that the graphs under consideration have no isolated vertices.
Join
The join G + H of simple undirected graphs G and H is the graph with the vertex set
Theorem 2.2. Let G and H be simple undirected graphs with |V (G)| = n 1 and |V (H)| = n 2 . Then
Proof. From the definition of join of two graphs G and H it follows that |V (G+
( by Lemma 2.1)
We claim that the equality in (3) can not be attained. Assume that the equality in (3) is attained for a pair of graphs G and H. By the equality condition in Lemma 2.1, we must have that d G (x) = n 2 for any x in G and d H (y) = n 1 for any y in H. So, both inequalities n 1 ≤ n 2 − 1 and n 2 ≤ n 1 − 1 hold together. Thus, n 2 ≤ n 2 − 2, which is impossible. This completes the proof.
Cartesian product
The Cartesian product G H of simple undirected graphs G and H is the graph with the vertex set V (G H) = V (G)×V (H) and the edge set
Theorem 2.3. Let G and H be simple undirected graphs with |V (G)| = n 1 and |V (H)| = n 2 . Then
with equality if and only if G and H are regular graphs of the same degree
Proof. From the definition of the Cartesian product, it follows that
Now, we check the equality condition in (4) . Assume that the equality in (4) is attained. Then (5) must be an equality. By the equality condition in Lemma 2.1, we must have that d G (g) = d H (h) for any pair of vertices g in G and h in H. Thus, both G and H are regular graphs of the same degree. Conversely, let G and H be regular graphs of the same degree r. Then
This completes the proof.
Rooted product
The rooted product G H of a graph G and a rooted graph H is defined as follows: take |V (G)| copies of H, and for every vertex of G, identify with the root node of the i-th copy of H. More formally, assuming that V (G) = {g 1 , . . . , g n }, V (H) = {h 1 , . . . , h m } and that the root node of H is h 1 , define G H = (V, E), where
The rooted product is especially relevant for trees, as the rooted product of two trees is another tree. For instance, Koh et al. [11] used rooted products to find graceful numberings for a wide family of trees. If H is a two-vertex complete graph K 2 , then for any graph G, the rooted product of G and H has domination number exactly half of its number of vertices. Every connected graph in which the domination number is half the number of vertices arises in this way, with the exception of the four-vertex cycle graph. These graphs can be used to generate examples in which the bound of Vizing's conjecture, an unproven inequality between the domination number of the graphs in a different graph product, the cartesian product of graphs, is exactly met (Fink et al. [10] ). They are also well-covered graphs.
By above definition, if G has n g vertices and m g edges, and H has n h vertices and m h edges, then G • H has n g + (n g − 1)n h vertices and m g + n g m h edges. Moreover, we have the following lemma.
Lemma 2.4. Let G be nontrivial graph of order n, and let H be nontrivial graph of order m. Then
• for each i = 1, . . . , n, j = 2, . . . , m, we have
Theorem 2.5. Let G be a graph of order n and H be a graph rooted at h 1 .
with equality if and only if G is a regular graph of degree d H (h 1 ).
Proof. Assume that the order of H is m. By the definition of rooted product of two graphs G and H, we have
. Now, we check the equality condition in (6) . Assume that the equality in (6) is attained. Then (7) must be an equality. By the equality condition in Lemma 2.1, we must have d G (g i ) = d H (h 1 ) for each i = 1, 2, . . . , n. Thus, G is a regular graph of degree d H (h 1 ). Conversely, let G be a regular graph of degree
. This completes the proof.
Strong product
The strong product G H of of simple undirected graphs G and H is the graph with the vertex set V (G H) = V (G) × V (H) and the edge set
Theorem 2.6. Let G and H be simple undirected graphs with |V (G)| = n 1 and |V (H)| = n 2 . Then
with equality if and only if both G and H are 2-regular graphs.
Proof. From the definition of the strong product, it follows that
Now, we check the equality condition in (8) . Assume that the equality in (8) is attained. Then both equalities in (9) and (10) must be attained together. When the equality in (9) is attained, by the equality condition in Lemma 2.1, we must have 
ID(G)ID(H) .
Mycielski graph
The Mycielski graph (see [3, 4, 5] ), denoted by µ(G), of a nontrivial graph G contains G itself as an isomorphic subgraph, together with n + 1 additional vertices : a vertex u i corresponding to each vertex v i of G, and another vertex w. Each vertex u i is connected by an edge to w, so that these vertices form a subgraph in the form of a star K 1, n . In addition, for each edge v i v j of G, the Mycielski graph includes two edges, u i v j and v i u j .
By the above definition for Mycielski graph, if G has n vertices and m edges, then µ(G) has 2n + 1 vertices and 3m + n edges. Moreover, we have the following lemma.
Lemma 2.7. Let G be a nontrivial graph of order n and size m, and let µ(G) be its Mycielski graph. Then, for each i = 1, . . . , n, we have Proof. From the definition of Mycielski graph, it follows that |V (µ(G))| = 2n + 1. By Lemma 2.7,
Now, we check the equality condition in (11) . Assume that the equality in (11) is attained. Then (12) must be an equality. By the equality condition in Lemma 2.1, we must have that d G (x) = 1 for any vertex x in G. Thus, G is composed of n 2 independent edges, because we assume that G has no isolated vertices. Conversely, let G be a graph isomorphic to 
